A method dubbed grating-based holography was recently used to determine the structure of colloidal fluids in the rectangular grooves of a diffraction grating from X-ray scattering measurements. Similar grating-based measurements have also been recently made with neutrons using a technique called spin-echo smallangle neutron scattering. The analysis of the X-ray diffraction data was done using an approximation that treats the X-ray phase change caused by the colloidal structure as a small perturbation to the overall phase pattern generated by the grating. In this paper, the adequacy of this weak phase approximation is explored for both X-ray and neutron grating holography. It is found that there are several approximations hidden within the weak phase approximation that can lead to incorrect conclusions from experiments. In particular, the phase contrast for the empty grating is a critical parameter. While the approximation is found to be perfectly adequate for X-ray grating holography experiments performed to date, it cannot be applied to similar neutron experiments because the latter technique requires much deeper grating channels.
Introduction
Confined colloidal fluids are important in modern technologies such as interfacial adhesion, lubrication and the flow of drugs through narrow channels (Daw & Finkelstein, 2006; Windbergs & Weitz, 2011) . To understand the colloidal behavior in such complex systems, the study of model colloids under confinement is essential. While the arrangement of micrometre-sized colloidal particles in confinement can be studied using various forms of microscopy, small submicrometre-scale particles are harder to probe. Recently, a group at the Paul Scherrer Institute (PSI) developed a technique which they dubbed X-ray grating holography to study the structures adopted by small colloidal particles confined between parallel walls Nygå rd et al., 2008 Nygå rd et al., , 2009 . The method uses a diffraction grating with regularly spaced rectangular grooves ( Fig. 1 ) in contact with a bulk colloidal suspension. The walls of the grooves serve to confine the colloidal particles within the grooves. Since the grating periodicity is of the order of one micrometre, i.e. several times smaller than the beam size, colloidal particles in many grooves contribute to the scattering, thus enhancing the scattered signal. Moreover, the periodic arrangement of the grooves causes the scattering to appear at well defined Bragg peaks.
Using this method, the PSI group explored several colloidal systems with different particle sizes, groove widths and pH of the solvent. They found that, depending on the ratio of groove width to effective particle size, the colloids can assemble into layers parallel to the groove walls or undergo what they called a buckling instability Nygå rd et al., 2009; Satapathy et al., 2009) .
Noting that neutron scattering contrast between colloidal particles and a solvent can often be enhanced by selective deuteration, we used a similar colloidal suspension in deuterated solvent to test the efficacy of neutron scattering in probing the same colloidal phenomena (Ashkar et al., 2014) . Demonstrating such efficacy is important because, in the future, one can imagine using neutron grating holography methods to probe the effects of confinement on other materials, such as block copolymers, for which neutron scattering has proved to be an important tool. The fact that the X-ray experiments indicated that the colloids in the grooves have the same volume fraction as the bulk (Nygå rd et al., 2009) also provided an impetus for our neutron experiments. It was important to explore whether this was a mere artifact of the bulk concentration that they chose, which is quite close to what one would expect in a layered close-packed colloidal assembly, or if it applies to supensions of different concentrations. However, because neutron sources are much weaker than X-ray synchrotrons, conventional neutron diffractometers cannot resolve multiple orders of Bragg peaks from structures with micrometre-scale periodicity as X-rays do. We thus resorted to a relatively new method called spin-echo small-angle neutron scattering (SESANS), which does have sufficient resolution for this type of system (Gä hler et al., 1996; Rekveldt, 1996; Rekveldt et al., 2005) . In our first neutron grating holography experiments we could not confirm particle layering within the measured statistics, but we observed that the colloidal volume fraction in the grooves was significantly greater than that in the bulk suspension above the grooves (Ashkar et al., 2014) .
We analyzed our neutron holography data using a dynamical theory (DT) that had been shown to give a very good account of SESANS data obtained with empty diffraction gratings both in transmission and in reflection geometries (Ashkar et al., 2011) . This method differs from the one used by the PSI group, which is based on the phase object approximation (POA) and on a perturbation theory that treats the modification of the scattering caused by colloidal structure as a weak effect. Given the difference in the conclusions from the X-ray and neutron experiments it is natural to ask whether these differences could arise from the methods of analysis. A further motivation arises because the X-ray analysis provides a very simple way of obtaining the colloid structure from the Patterson function of the scattering. We note that the Patterson functions for X-ray holography are obtained in a standard manner from the measured Bragg intensities. However, since SESANS measures the Patterson function directly, the question arises as to whether the analysis method used to treat X-ray holography can be applied to SESANS grating holography, substantially simplifying the method by obviating the need for a complex DT calculation. This report attempts to answer that question.
Both the DT and the POA have been applied to SESANS data obtained with diffraction gratings in transmission. For the published cases (Haan et al., 2007; Ashkar et al., 2011) , both methods describe SESANS data well and they provide results that are almost indistinguishable from one another. Nevertheless, using the DT code presented by Ashkar et al. (2010) , it is easy to show that the DT and the POA do not give the same Bragg intensities and that the agreement between theory and the SESANS results has to be viewed with caution. Because the SESANS signal is, in fact, identical to the Patterson function of the grating with the zeroth-order Bragg scattering included, it is the result of summing a large number of Bragg intensities multiplied by the appropriate cosine functions (Ashkar et al., 2010) . In this framework, it is important to point out that (a) positive and negative differences between the Bragg intensities predicted by the POA and the DT tend to cancel one another in the Patterson function, and (b) it is often the case that the first few Bragg peaks make dominant contributions to the Patterson function, and these peaks may have similar intensities in both the POA and the DT. Thus, the differences between the Patterson functions predicted by the POA and the DT are often small and easy to overlook when comparing these theories with experimental results for scattering from a particular grating. However, the method of analysis used by X-ray grating holography relies entirely on the difference between a measured Patterson function and one calculated assuming that the POA is valid. This difference, which is supposed to represent the scattering due to colloidal structure (such as layering), is, by definition, very small. Thus, a small error in a calculated Patterson function could have a large effect on the analysis because it could be significant in relation to the scattering caused by colloidal structure. For a grating with a truly rectangular profile (which we treat here), Schematic of the rectangular grating profile with grating period p, groove width w and groove depth h. The incident X-ray or neutron beam is in the xz plane and forms an angle with respect to the grating surface. Parameters for the gratings used in neutron and X-ray experiments are given in Table 1 .
we expect that the DT and the POA must eventually disagree with one another as the grating grooves are made deeper. At some depth, the phase difference between X-ray or neutron waves passing through the grooves and walls of the grating reaches 2. At this value, the POA predicts no scattering, because there is no spatial variation of the scattering phase, whereas the DT does not give that answer. Our calculations for rectangular gratings indicate that clear differences between the Patterson functions predicted by the POA and the DT arise for phase differences greater than about , and the gratings used for neutron holography fall into this category.
It will become clear, as we go through the analysis, that there are other reasons to question whether the POA is a good approximation to use for the analysis of grating holography but, for the moment, the above paragraph is a sufficient motivation for using the DT in the calculations reported here. We believe that the DT gives the correct result for scattering from gratings, not only because it has adequately described all experiments analyzed to date but also because it includes essential physics such as multiple scattering and energy conservation that are not addressed by the POA. Accordingly, we use the DT in this paper to simulate scattering intensities for two gratings that have been used for X-ray and neutron experiments performed to date. The simulations include layering of the colloidal particles within the grooves. We then use the X-ray analysis method to retrieve the scattering profile of a structured colloid from the DT 'data' and compare it with the profile used as input to the DT calculations. The two gratings that we discuss in this paper are those used in the X-ray holography paper (Nygå rd et al., 2009) and a neutron paper that will be published shortly. These gratings are both very close to perfectly rectangular and this is the shape assumed here, although we will comment on the effects of sloping channel walls towards the end of this report. While the periods of the gratings are similar and the material used (silicon) is the same, the effective depths of the grating grooves are different: $2.4 mm for X-rays and $53 mm for neutrons.
The reason for the different depths of the X-ray and neutron gratings has to do with the fact that the X-ray and neutron methods employ different Patterson functions. In the X-ray case, the Patterson function is computed by summing all non-zeroth-order Bragg peaks multiplied by the appropriate cosine factors . SESANS, on the other hand, measures a Patterson function that includes the zerothorder Bragg peak (Krouglov et al., 2003) . This means that small changes in Bragg peak intensities, due for example to colloidal arrangement in the grooves, produce much smaller fractional changes in the SESANS signal than in the Patterson function computed in the X-ray case. To compensate for this effect, the effective depth of the neutron holography grating has to be much larger than the X-ray grating.
This paper is organized as follows: first, the approximations involved in the weak phase analysis of the X-ray holography method are briefly reviewed. Then, the two types of gratings with rectangular profiles used in this paper are introduced.
Next, the approximations applied in the X-ray holography method are investigated and the results of applying the X-ray analysis method to the two gratings are presented. Finally, we discuss the essential lessons we have learned and comment on the effect of trapezoidal grating profiles.
Approximations used to analyze X-ray grating holography
The usual POA postulates that a scattering object changes only the phase of a forward-scattered wave passing through it (Jap & Glaeser, 1978; Haan et al., 2007) . For X-rays or neutrons, the difference in phase between a wave propagating in vacuum and one traversing a path of the same length through a scattering object depends on the radiation wavelength and the scattering length density (SLD) integrated along the path through the object. The SLDs are related to the real part of the refractive index, 1 À , normally used for X-rays by ¼ 2= 2 , where is the SLD and the wavelength of the radiation. For grating holography, we write the X-ray or neutron phase, relative to the phase accumulated through the grating walls, as a function of the position, y, across the grating (cf. Fig. 1 ) as Á'ðyÞ ¼ Á' f ðyÞ þ !ðyÞ. Here, Á' is the phase difference between the phase accumulated through the average colloid and that through the grating wall, where average colloid refers to the homogeneous medium whose optical path length is the same as the coarse-grained average of the colloidal suspension; f ðyÞ is a step function with value 1 inside a groove and 0 elsewhere; !ðyÞ is the phase change, relative to that of the homogeneous colloid, due to non-random distribution (e.g. layering) of the colloids within the grating channels. In this report, we use 'homogeneously filled grating' to refer to a grating filled with the average colloid.
The method introduced by Nygå rd et al. (2009) for the analysis of X-ray grating holography is based on two key assumptions. The first is that scattering from the homogeneously filled grating can be estimated by multiplying the measured Bragg intensities for the empty grating by a constant that is independent of Bragg order. This assumption is strictly correct only for a system whose SLD modulation has a rectangular profile and whose scattering can be described by the POA or by a kinematic theory . It is not, in general, correct for the DT although it sometimes gives results that are numerically quite close to those obtained from the POA, especially for shallow gratings. The second approximation is that exp½iÁ'ðyÞ can be expanded adequately to first order as exp½iÁ' f ðyÞ½1 þ i!ðyÞ. With these two approximations, the modulation of the SLD due to colloidal structure in the grooves can be written as a simple linear equation that is directly solvable (see Appendix A).
Gratings used in X-ray and SESANS experiments
The X-ray and neutron simulations discussed here both use diffraction gratings with a rectangular profile, as shown in research papers Fig. 1 . The specifications of these gratings, referred to as the X-ray grating and the neutron grating, are defined in Table 1 . These values correspond to experiments that have already been carried out and are indicative of values one might expect in future applications. The first approximation made in the POA analysis is to calculate Bragg intensities for the homogeneously filled grating by applying a constant multiplier to the Bragg intensities measured with an empty grating. However, as shown in Fig. 2(a) , this multiplier is not the same for all Bragg orders measured with X-rays. Nevertheless, because the Patterson function involves a sum over Bragg orders and because the first few (intense) Bragg peaks are often well described by the POA, this scaling method yields a good approximation for the Patterson function of the homogeneously filled grating, as is evident from the small differences between the Patterson functions calculated by DT and by the scaling approach (Fig. 2b) .
This, however, does not hold for the neutron experiments. Fig. 2(c) shows the disagreement between the POA and the DT in calculating the ratio between Bragg intensities for the empty and homogeneously filled gratings when using the parameters for the neutron grating shown in Table 1 . Note the logarithmic scale used for the ratio in Fig. 2(c) . One can clearly see that the POA scaling factor yields very different results for the X-ray and neutron scattering cases. This primarily arises because the neutron grating is much deeper and the angle of incidence is shallower, leading to a phase difference for the empty grating, ' w ¼ 5:47 rad, which is much larger than the X-ray value of 0.48 rad. In this case, the POA and the DT give dramatically different results for Bragg intensities, leading to very different Patterson functions, and no constant multiplier can be found that allows the Patterson function of the homogeneously filled grating to be deduced from that of the empty grating. The difference between the Patterson functions for the homogeneously filled grating calculated directly from the DT and that calculated using a constant scaling factor is shown in Fig. 2 
Second approximation: the weak phase approximation
The X-ray analysis method assumes that the change in scattering due to colloidal structure results from a small phase change that can be treated as a perturbation. This means that even if the Bragg intensities for the homogeneously filled grating were known exactly, it is understood that we might not be able to retrieve the phase modulation resulting from colloid structure using the X-ray analysis if the modulation amplitude is too large. However, the development of the perturbation theory imposes no constraint on the average phase, Á', even though the Patterson function is only equal to the autocorrelation function of the transmission function for weak scattering. For large values of Á', the experimental data do not directly yield the autocorrelation function, which is a condition for the perturbation analysis to be applicable.
Our calculations for various grating specifications and different colloidal structures in the grating grooves show that, even if the phase modulation caused by colloidal structure is small, the X-ray holography method may still fail to give a correct result when the average phase difference, Á', between the grating channels and walls is large. In fact, empirically, we find that Á' has to be less than about radians for the weak phase method to work, even if the phase modulation due to colloidal structure is small and if the Patterson function of the homogeneously filled grating could be known exactly. Satapathy et al., 2009; Nygård et al., 2009) , including the same one used in neutron experiments (but a mixture of hydrated solvents instead of deuterated solvents) and similar results of colloidal structure were presented. Dimethylformamide is chosen here only because it was used in the X-ray diffraction paper that we are comparing our results with . ‡ For the calculation done in this report, we represent the phase modulation in the grating groove by a cosine function (Diaz, 2006) . Thus the amplitude of the SLD modulation and the amplitude of the phase modulation refer to the corresponding amplitude of the cosine function. The relationship between the phase amplitude and the SLD amplitude is given by equation (1) in Appendix A.
4.3. Investigating the validity of the weak POA method based on two grating profiles in the X-ray and SESANS experiments Fig. 3 shows the results that would be obtained in typical X-ray and neutron experiments analyzed using the weak POA. Parts (a) and (e) of Fig. 3 represent the SLD profiles of a putative structured colloid and the corresponding average colloid for the X-ray and neutron experiments, respectively. The two-layer SLD profile in Fig. 3(a) Fig. 3(b) . The difference between the two Patterson functions (Fig. 3c) shows two dips between y = 0 nm and y = 180 nm, at y = 30 nm and y = 116 nm, indicative of two colloidal layers separated by about 84 nm. Fig. 3(d) shows the extracted phase profile obtained using the deconvolution equation [equation (13) Parts (e), ( f ), (g) and (h) in Fig. 3 are the corresponding plots using the parameters for an analogous neutron experiment. If we employ the same volume fraction of silica particles used in the X-ray experiments (16.7%), the SLD of a putative structured colloid, the appropriate average colloid and the carrier fluid (45% deuterated ethanol and 55% deuterated benzyl alcohol) would have the profiles shown in Fig. 3(e) . The SLD contrast modulation, the cosine function with amplitude 0:22 Â 10 À4 nm À2 , corresponds to a potential close-packed structure in each layer, similar to the one deduced from the X-ray experiment. Figs. 3( f ) and 3(g) show the corresponding Patterson functions and their difference, respectively. Compared with the X-ray case (Fig. 3c) , the calculations for the neutron scenario show more pronounced discrepancies (a) Calculated ratios for non-zero-order Bragg peaks for a homogeneously filled grating and an empty grating using the parameters of the X-ray grating. The dots denote the DT calculation while the flat dashed line is calculated using the POA. (b) Difference between the Patterson functions calculated using DT for a homogeneously filled X-ray grating and the function calculated by the scaling Bragg intensities for an empty X-ray grating using a constant scaling factor. Panels (c) and (d) are the plots for the neutron experiment corresponding to (a) and (b), respectively. Fig. 3a) . Panels (e), ( f ), (g) and (h) are the analogs of (a), (b), (c) and (d) calculated using the parameters for the neutron experiment listed in Table 1. between the Patterson functions of the average and structured colloid. The comparison of the phase modulation input and that deduced using the deconvolution method described here (Fig. 3h) clearly shows that the deconvolution method is not adequate for phase retrieval in the neutron measurements. We also note that the fact that the number of phase oscillations in the grooves is correctly reproduced in this case is mere chance: it can be completely different for gratings with a slightly different average phase Á'.
Summary and conclusions
Even though modern silicon gratings can now be manufactured with rectangular profiles that are deep and almost perfect (Diaz et al., 2005; David et al., 2007) , there is almost always some degree of trapezoidal shape to their profiles. For a trapezoidal grating, the theoretical underpinnings of the weak POA method are undermined. The existence of a constant ratio between the Bragg intensities of the empty and homogeneously filled gratings depends either on the applicability of equation (2) in Appendix A, which is true only for a rectangular grating, or on the validity of a lowest-order expansion of exp½iÁ' f ðyÞ, where f ðyÞ is no longer a simple step function. If the inclination angle of the grating wall is not too large and the phase contrast is small, the calculated ratios between the Bragg intensities of empty and homogeneously filled gratings is still almost constant. This is true for calculations done with either the POA or the DT, although the actual values of the ratios differ. If the phase difference is large, either for the empty grating or for the homogeneously filled grating, even a slightly inclined grating wall leads to calculated Bragg ratios that differ remarkably from the value calculated for a rectangular grating. This is true both for the POA and for the DT.
The problem that this raises is obvious: how does one find a value for the constant multiplier that is sufficiently accurate that it does not jeopardize the integrity of data analysis based on the weak phase approximation? While some rules of thumb have emerged from our simulations, there appears to be no simple answer to this question. For empty or homogeneously filled gratings with a phase contrast less than about , we empirically find that the weak POA method works for many cases provided the colloid only produces a weak phase modulation. For phase contrasts greater than , the conventional POA and the DT predict increasingly different Patterson functions. The differences are especially large for square gratings when the phase modulations are around 2, where the POA predicts no scattering at all. Since the conventional POA is the basis for expecting a constant ratio between Bragg intensities of the empty and homogeneously filled grating, we might expect the ratio to differ from a constant when the POA itself breaks down, and indeed this is what we see in our calculations. For gratings with trapezoidal profiles, this is also true. The necessary but not sufficient condition for calculating the Patterson function for the homogeneously filled grating from that of the empty grating by multiplying a constant number is that the two should at least have a similar shape. However, by doing calculations using either the conventional POA or the DT for trapezoidal gratings, we find that the shape of the Patterson functions changes significantly as the phase contrast increases.
Since the relative error in the modulation profile retrieved from the weak POA method is Oð! amp Þ, one would expect the method to fail eventually when ! amp is large. In such a scenario, one can no longer use the weak POA method to deduce the colloidal structure in a grating and one has to use either the conventional POA or the DT, making data analysis much more involved.
APPENDIX A
For a periodic rectangular grating, the phase difference between waves passing through a groove and a wall can be expressed as
where Á represents either the X-ray or neutron SLD contrast between the grating and the medium in the grooves; is the radiation wavelength; h is the depth of grating grooves and is the incident angle (see Fig. 1 ). Since all gratings analyzed in this paper are translationally invariant in the x direction, scattering from the grating will not change the x component of the wavevector so we need only consider scattering in the yz plane. Assuming the grating to be nonabsorbing, the transmission function of the colloids in the grating calculated from the POA approach of Nygå rd et al.
is
For grating holography, the phase change caused by material in the grating grooves can be divided into two parts: the phase change caused by an average colloid, Á', and a part that represents the deviation of the colloidal structure from this average value, !ðyÞ. Such deviations cause a small change in the overall radiation phase so that in the weak phase approximation equation (2) can be expanded to lowest order:
Within the POA, the intensity of the mth Bragg peak is equal to the squared modulus of the mth Fourier coefficient of the transmission function given in equation (2):
Here, C m is the mth-order Bragg intensity for the grating in the colloidal suspension and T C m is the appropriate mth-order Fourier coefficient of the transmission function, i.e. 
In the weak phase approximation, the quadratic term A 2 m is small and can be neglected. The Bragg intensities are linked to the one-dimensional Patterson function and the autocorrelation function (ACF) as follows (Diaz, 2006) : 
The difference between the Patterson functions for the structured colloid and the homogeneously filled grating is given by
ÁPðyÞ ¼ P C ðyÞ À P Avg ðyÞ:
Combining equations (7), (8) and (9) 
The X-ray experiment measures C m directly, but before we can obtain the phase-shift profile aðyÞ from equation (10), we need the value of Avg m for all m. Since Avg m represents the mth-order Bragg intensity for the homogeneously filled grating, it cannot be determined experimentally. Nevertheless, within the POA, these Bragg intensities can be calculated from the corresponding Bragg intensities for the empty grating, which are experimentally obtainable. For nonzero diffraction orders
with ' E representing the phase difference for an empty grating and S being a constant that is independent of the index m. For a weak phase object where Á' and ' E are small, the above relation reduces to C m , so S can be calculated from the experimentally measured quantities as
With equations (10), (11) 
